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Abstract 

tN I In this paper we develop an L2-theory for stochastic partial differential equations driven by 

Levy processes. The coefficients of the equations are random functions depending on time and 
space variables, and no smoothness assumption of the coefficients is assumed. 
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'5 ! 1 Introduction 

In this article we study the L^-theory of stochastic partial differential equations of the following 
type: 

du = (— {a}^u^3 + b'u) + b'u^, +cu + fjdt+ (a^'^u^. + fi'^u + /) dZ^ (1.1) 



> 

(^ . given for i > and x € M . Here {ZJ^, k = 2, 1, • • • } are independent one-dimensional Levy 



o 
o 



processes, i and j go from 1 to d with the summation convention on i,j,k being enforced. For 

f~>». ■ 

Q ■ example, the second term in the right hand side of (jl.ip should be understood as 



k>i \i=i J 



j^ ■ The coefficients a*-', 6% c, o"*'^, //'^ and the free terms /, g^ are random functions depending on (t, x). 

Stochastic partial differential equations (SPDEs) of type (jl.ip arise naturally in applications 
when the objects are subject to randomness and high variability. The purpose of this paper is to 
investigate the existence and uniqueness of pathwise solutions to (|l.ip and to study the regularity 
of the solutions. 
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If Z^ are independent one-dimensional Wiener processes, then general L^-theory of the equation 
has been well studied. An L^-theory of SPDEs with Wiener processes defined on M" was first 
introduced by Krylov in [7], and in [9] and [10] Krylov and Lototsky developed an L^-theory of 
such equations with constant coefficients defined on half space M" . Later in many articles (see [6] , 
[S] and references therein) these results were extended for SPDEs with variable coefficients defined 
on bounded domains of M". 

However very little is known when Z\ are general discontinuous Levy processes. In [2], existence 
and uniqueness of weak (or martingale) solutions as well as pathwise solutions to the following SPDE 

n 

du = Audt + ^g''iu)dZ^, (L2) 

k=l 

driven by Levy processes is studied, where A is the generator of certain semigroup on a Hilbert 
space H and g , A; = 1, • • • ,n, are non-random maps from H to H that satisfy certain continuity 
condition. 

See the Introduction of [2J for a brief discussion on other related work SPDE driven by Poisson 
random measure or stable noises, including [H [3l ttH H] . Note that maps g^, A; = 1, • • • ,n, in (jl.2p 
are non-random coefficients and are independent of t, while g s in (jl.ip to be considered in 
this paper are random and time dependent but are given a priori that do not depend on solution 
u. Moreover no derivatives of the solution u appear in the stochastic part of equation (|1.2|) . 

Our main result. Theorem 12. Ill is presented and proved in section [2l Here we show that if each 
Z^ has finite second moment, i.e., if 

k>l, (1.3) 



/ z Vk{dz) < oo for every k > 

Jm. 



where u^ is the Levy measure of Z^, then equation p.l|) admits a unique solution in ]HI^(T) := 
L^(i7 X [0,T], W2^) and the ]HI^(T)-norm of the solution is controlled by the L^-norm of / and g. 
In section [3] we give two extensions of Theorem 12.111 First we develop an L^-theory for a certain 
type of nonlinear equations. Second, we weaken condition (jl.Sp by assuming that it holds only 
for sufficiently large k (thus it can be dropped if only finitely many processes Z^' appear in the 
equation) and prove that the equation has unique pathwise VF2^-valued solution. 

As usual, throughout this paper, M^ stands for the Euclidean space of points x = {x^, ...,x°'). 
For i = l,...,d, multi-indices a = {ai, ...,ad), «« G {0,1,2,...}, and functions u{x), we set 

u^i = du/dx' = DiU, D°'u = D^^ ■ ... ■ D^^u, \a\ = ai + ... + ad. 

We also use the notation D™ for a partial derivative of order m with respect to x. If we write 
c = c(...), it means that the constant c depends only on what are in parenthesis. 



2 Main results 

Let ($7,7^, P) be a complete probability space equipped with a filtration {J-'t,t > 0) satisfying the 
usual condition. We assume that on Q we are given independent one-dimensional Levy processes 
Z^, Zf,... relative to {Tt,t > 0}. Let V be the predictable a- field generated by {Tt, t > 0}. 
For t > and A G B{R \ {0}), define 

Nk{t,A) = {0<s<t;Z^- Z^_ G a} , Nk{t,A) = Nk{t,A) - ti^k{A) 

where I'kiA) := K[Nk{l,A)] is the Levy measure of Z . By Levy-Ito decomposition, there exist 
constants a , /3 and Brownian motion B so that 

Z^ = a^t + P^B^+ [ zNkit,dz)+ I zNk{t,dz). (2.1) 

J\z\<l -'k|>l 

Assumption 2.1 (i) For each k > 1, 

1/2 



Ck ■-- 



< oo. (2.2) 



/ z^Uk{dz) 

JR 
(ii) There exist constants 6,K > so that for every t > 0, x £ W^ and u £ Q, 

-^leP < {a'^ - a'^)eC^ < a'^i'i^ < i^l^P, Ve G M^ (2.3) 

where a'-^ := 2(c| + I3f.)a a^ . Here i and j go from 1 to d, and k runs through {1, 2, • • • }. 

Recall that throughout the article, summation convention is used. Due to (12. 2p . Ji^i^i |z| A'^fc(l, dz) < 
oo, and thus by absorbing 5^ := Ji^i^^ ^^ki^i dz) into ak we can rewrite (j2.ip as 



Z;^ = akt + PkB^ + [ zNk{t,dz). 



d. 



For d>l, consider the equation for random function u{t,x) on Q x [0,oo) x Mr: 

du = i —— {aj-^u^j + V'u) + y'u^^ +CU + f\dt+ (cr^'^u^, + fi^u + g^\ dZ^ (2.4) 

in the weak sense. See Definition 12.41 below. The coefficients a*-', 6*, 6*, c, a , fi and the free terms 
/, g are random functions depending on i > and x G M . Without loss of generality, we assume 
that d'' = 0, since otherwise we can simply move the term ^^ d^ (a'^^u^i + v^u + g^\ dt from the 
stochastic part to the deterministic one. 



Remark 2.2 Conditions (j2.2p and (|2.3p will be weakened in section [3l Li particular, one can 

7k 



completely drop the condition (|2.2p if there are only finitely many processes Z^ in equation (j2.4p . 



For n = 0,1,2,..., let 



H"" := |'uGL2(M'^) : Du,...,D''ue L^{R'^)\ , 

which is equipped with norm \\u\\h" ■= {j2k=o Il-^^^lli2(]gd)j • Here Du := (^,--- ,-§^) de- 
notes the gradient of u in the distributional sense, D^u denotes the collection of all second derivatives 
of u in the distribution sense, and so on. Let H~"' := {H"')* be its topological dual, and J"^^^"^* be 
the completion of V with respect to dP x dt. For n G Z and T > 0, we write u G M"'{T) if u is an 
i7"-valued P'^^^'^*-measurable process defined on x [0, T] so that 



'(T) 



E 



T 



\u{t,-)fHudt 



1/2 



< oo. 



Denote L(T) := EI°(r). For an ^^.yalued processes g = {gi,g2, .■■), we say g el.{T,f) ii g'' G L(r) 
for every k > 1 and 



.fe||2 

Il2 



dt 



1/2 



< OO. 



Finally we use C/2 to denote the family of L^(M'^)-valued Jxi-iiieasurable random variables uq having 

\\uo\\u2 '■= (IE [||'"o|li2]) < 00. 

Remark 2.3 (i) Since we assume dk = 0, Z is a square integrable martingale, whose quadratic 
variational process will be denoted as [Z'']. By Levy system, the predictable dual projection 
(Z^) of [Z^] is given by {Z'')t = (c^- + /3|) t- For every process H in L^(il x [0, T]), which has a 
predictable dPx dt- version H, M^ = L HgdZ^ := L HgdZ^ is well defined and is independent 
of the choice of such H, and M is a martingale with 



E [Ml 



E 



Hi d[Z^] 



Wl + cl)^ 



HUs 



t < T. 



We win simply denote M by /^ HgdZ^. For g = {gi, g2, ■ ■ ■ ) ^ H^, h) and G C^ 

00 „2^ 



fc=i-^o 



2 II ||2 



Therefore the series of stochastic integral X^^Li /g (5'^, </') d-^t^ converges uniformly in t G [0, T] 
in probability. 

(ii) In many other articles, the equation of the type 

du = {Au + f)dt + g{u{t-))dZt 



has been studied. The expression u{t—) is used so that it is predictable and the integral 
Jq g(u{t—))dZt becomes a martingale. Such notation is not used in (12. 4p . because by (i) and 
(ii), stochastic integral can be defined for a process H in ^2(^2 x [0, T]) which has a predictable 
version H, and 

/ H{s)dZs = I H{s)dZs. 
Jo Jo 

Definition 2.4 We say u € T-0'{T) if u ^ El^(r), u is right continuous having left limits in L^ a.s. 
with u(0) E U2, and for some f G M~^{T) and g = {gi,g2, • • • ) ^ L(T, ^^) 

du{t) = f{t)dt + g^{t)dZ^ forO<t<T 

in the sense of distributions; that is, for any (/) G C^(]R ), the equality 

f-t °° i-t 

{u{t),cP) = {u{0),cP) + / (f{s),cP)ds + y2 / {9Hs)A)dZ^ (2-5) 

Jo f^^^Jo 

holds for all t < T a.s.. In this case, we write 

Ou := /, Su := g, 

and define 

IMn^T) ■= \\u\\m^T) + I|I5«IIh-i(t) + I|S^IIl(t/2) + lk(0)||c/2- 

Lemma 2.5 Let u G U^{T), then 

(i) for any (j) G H^ , {u{t),<p) is progressively measurable, right continuous having left limits ; 
(ii) for each fixed t > 0, u{t) = u{t—) in L? a.s. 



Proof, (i) follows immediately from 

(ii). By assumption u{t—) exists. Let {4>n-,'- <Pn G H^,n = 1,2,...} be a orthonormal basis in 
L^(R ). Then the process 1 1— t- (n(t— ), (pn) is predictable by (i). Since Jq {g , (j)n)dZf is stochastically 
continuous, we have for each fixed t and n > 1, (n(t),0„) = {u{t—),(j)n) a.s. Therefore 

u{t-) ='^{u{t-),<j)n)(l)n = u{t) a.s. 
n 

The lemma is now proved. □ 

Theorem 2.6 The space 'H^(T) is a Banach space and 



E 



sup||u(t)|||2 

t<T 



< c(||Dn||2(^) + \P^\\m-HT) + \M\liT,i^)+nWm\h) , (2-6) 

where c is independent of u and T . 



Proof. First we prove (j2.6p . Let u(0) = uq and du = fdt + g dZ^. Then for any </> G C^ , 

iu{t),<P) = iu{0),ct>)+ [ {f{s),4>)ds+ [ {g\s),4>)dZ^ (2.7) 

JO Jo 



for alH < T (a.s.). For / G IHI"^(r), we can write it as 

c 
dxi 



f - fo + Yl 7):;rJi 
1=1 



with fi G L(r) for < 2 < d and 

d 

^WfiWuT) < c||/||e-i(r)- 



i=0 

Indeed, since / = (1 — A)(l — A)~^/ and (1 — A)^-*^ : H^'^ — t- //"+2 ig an isometry, we can take 
/o = (l-A)-V and fi = -^i for i = l,2,...,d 

Take a nonnegative function Tp G C^{Bi[Q)) with unit integral, and for e > define ipe{x) = 
e~ ilj{x/e). For any generaUzed function u, define u^''\x) = u* ipe{^) '■= {''J'i')j''Pe{^ ~ ")); then 
u^^'{x) is infinitely differentiable function of x. By plugging ip£{x — •) instead of (j) in (|2.7|) . 



/•t ft 

Jo Jo 



k 
t • 



By taking e — t- 0, one can easily show that (j2.6p holds true if for any e > it holds with 
u^^' ,Uq , f^'^' ,g^^' in place oi u,uo, f,g, respectively. Thus we may assume that u,f,g are infinitely 
differentiable in x, and therefore (a.s.) 

u{t) = uo+ [ fdt+ [ g^dZ^, \/t < T. (2.8) 

Jo Jo 

The stochastic integral in (|2.8|) doesn't change if we replace g by its predictable version, thus we 
also assume that g is predictable. 

Applying Ito's formula to |u(t)P (cf. [1]) and integrating over M , we have 

hmh = \\uo\\l + 2l\u{s)J{s))ds + Y,^lf\9\s)\l,ds 

Jo ^ Jo 

+2Y,[\u{s-),gHs))dZ^ + Yl E \\9Hs)^zX^ 

k •'^ k 0<s<t 

= \\uo\\l2 +2 jUiuis), Us)) -j2i^,'i^)J^i^))] ds + Y./3l J\g^ 

+2Y,l\u{s-),gHs))dZ^ + Yl E \\9Hs)^zX^, (2.9) 



k -^^ k 0<s<t 



where we have used the fact that Z s are independent and so with probabihty one at most one of 



the Zg,Zg ■ ■ ■ can jump at any given time. By virtue of the Levy system of the Levy process Z^, 
it follows that 






(2.10) 



0<s<t 



where M is a purely discontinuous square integrable martingale with 

M/= - M/L = 1 1 g'^ (t) AZf 1 1 2 2 for t > 0. 

It is easy to see that for every e > 0, there is a constant c(e) > 0, independent of u and /j's such 
that 



E 



sup 

t<T 



{{u{s),fo{s)) -^{u^^{s),fi{x)))ds 



i=l 



< e\\Du\ 



L(T) 



eEsnp\\u{t)\\l2+c{e)Y,\\f 



t<T 



i||2 
L(T) 



j=0 



< e\\Du\\hj.) +eEsnp\\u{t)\\l2 +c(e)ii^ii2 



t<T 



L(T). 



By Davis (first) inequality and Levy system, 



E 



sup |m; 

,0<s<t 



< 2\/6E 



k Ajk^l/2 



[M^,M 



< 2a/6E 



Y^ \\g'it)AZ^\\l, 



0<s<t 



< 2V6cfcE 



g\s)\\i,ds 



(2.11) 



and 



E 



°° l-S 

sup ^ / (n(r-),/(r))dZ,^ 
0<s<t^ ' Jo 



< 2\/6 ^ E 



fc=i 



1/2- 



Y^ {u{s-),g'{s))\AZ^f 



>0<s<t 



< 2\/6 ^ E 



fc=i 



1/2- 



sup||n(.)||^J ^ ||/(.)||i.(AZ 



k\2 



<0<s<t 



< eE 



< eE 



sup||m(s)||^2 

s<t 



sup||m(s)||^2 

.s<t 



+ c(e)X;iE 



k=l 

oo 



Y \\9Hs)\\UAZ^f 



0<s<t 

■t 



+ c{e)Y^lE U{s)\\l,ds. 
k=i JO 



It follows from i^M that 



E 



sup||u(i)||^2 

t<T 



< eE 



sup ||n(s) 11^2 

s<T 



+ IE||uo|li2 + e\\Du\\l^j.^ + c(e)||/||^_i(y) + c{e)\\g\\l^j,^f,2y 



Thus ()2.6p is proved if one chooses e < 1/2. Now we prove the completeness of the space ^{^{T). 
Let {un : n = 1, 2, ...} be a Cauchy sequence in l-O-iT). Let /„ := IDn„, Qn := §u„ and n.„o := 'Un(O). 
Then there exist u G M^{T), f G ]HI-i(r), c/ G L(r,£2) ^^^^^ ^^ ^ ^2 g^ ^j^^^^ ^^^ j^^ ^^ ^ |^fc^ /c > 1} 

and Uno converge to u,f,g and uq, respectively. Let (p £ C^ be fixed. Since 

K(t),0) = Ko,0)+ / (/n(s),</.)ds + V / (5^(s)»dZ,^ 

taking n — )• oo, we have for each t > 0, 

(n(t),0) = (no,.^)+ I {f{s)A)ds + y^ l\g\s),cP)dZ^ a.s. (2.12) 

Since we already proved 



fc>i' 



E 



sup||n„-nm||i2 

t<T 



< c\\Un — U. 



■ni||'Hl{T)' 



we conclude that {un{t),(j)) is uniformly Cauchy in t G [0, T], (j2.12p holds for all t < T a.s., and u 
is right continuous having left limits in L^ a.s. Consequently u G ^{^{T). D 



Assumption 2.7 (i) The coefficients a^^ , b^ ,¥, c, a^'' and n^ are V (E> B(K'^) -measurable functions. 
(ii) For each uj,t,x,i,j, 

°° 1/2 

la^il + 15^1 + 15^1 + Id + (^(/3^ + c|)(|a^^|2 + |/|2)) < K. 

fc=i 



Lemma 2.8 (A priori estimate) Let Assumptions \2. Jl and 2.1 hold. Then for every solution u G 
'1-0'{T) of equation (j2.4p . u;e /laue 

WuW-H^iT) < ce"^ (||/||h-i(T) + II5'IIl{t,^2) + hoWui) , (2-13) 

where c = c{6, K) . 
Proof. We proceed as in the proof of Theorem 12.61 As before, rewrite / G IHI~^(T) as 



i=l 



and 



Ell/' 

j=0 



j||L{T) 



< C 



KT)- 



As in the proof of Theorem 12.61 without loss of generahty, we may and do assume that u, f,g are 
sufficiently smooth in x. By h'^ we denote the predictable version of a'^^u^i + u^u + g'^ . By Ito's 
formula (cf. [1]), we have 



^\\\u{t)\\l,] = E[ho|li2]+2E 



-{a^^u^j + 6'n + fi, u^i)i2 + {b^u^i + cu + /o, u)i^2^ ds 



^ Jo 



\hf'\\l2ds+ 2E 



u Jo 



+ E^E 



II" ^^s IIl2 



0<s<t 



(2.14) 



It is easy to show 

ft 



E 



/3,^ / Wh^Wl^ds 





= E 
< 2E 



^k\\2 



Jo 

t . . 

{a(u^r,u^j)i2ds 





+ ^II^^IIlw + c(e)lk||L(t) + c(e)||5|lL(t/2), 



where c^l = ^J2k f^h'''^^^^- ^Iso, 



E^ 



E ii^'^^'iii^ 



0<s<t 

■t 






< 2E 



{a^u^^, u^j)ds 



+ e||^^llL(t) +c(e)lhllL(i) +c(^)II5|Il(M2)' 



where a2^ = | X^fc c^'^^^o"-''^. Similarly, 



< e|l^'"llL(t)+c(e)lhllL(t) +c 



(^)Eii/^ 



2 
L(t)- 



i=0 



Thus we have from (j2.14p that for each t <T, 

E[||u(t)||i.]+2E 



< ^[hoWh] +e\\Du\\l^^)+c 



On the other hand, we know from condition (j2.3p that 

d 



d r-t 

(e) j\ W\u{s)\\l,] ds + c{e) J2 WMln) + c(e)\\g\ 



2 



^{{a'^-a'^)u,.,u,,)>S\\Du\\l,. 



The above two displays together with Grownwell's inequalty yield 

II^IIhi(T) < ce"'^ {\\U0\\U2 + ll/llH-i(r) + lbllL(T,^2)) , 

where c = d{6, K). The lemma is proved. 

Remark 2.9 The proof of Lemma [K3 shows that ifU = U = c = v^ = 0, then 

||Wx||l(T) < c(||/||e-i(T) + IbkcT/a) + ll'Uollc/a) 
where c is independent ofT. 



D 



For A G [0, 1], denote 



Note that 



a^^ = Xa'^ + {1 - X)6'^ , af = Xa''', 

b{ = xb\ bi = Xb\ cx = Xc, ^^i = x^x\ 

Lxu := XLu + (1 — A)Au = - — (aVu^j + b\) + b\u^i + cxu, 

OXi 

A^u := XA'^u := c^fu^^ + fi^u for k>l. 



Lx^u - Lx^u = (Ai - X2){L - A)u, Ax^u - Ax^u = (Ai - A2)An, 



where Axu := {A\u, A\u, ■■■), Au := (A^n, A'^u, ■■ ■), and 



\LxiU - Lx^uWh-i + \\Ax-,u - AA2n||i2(f2) < c|Ai - A2|||n||//i. 



(2.15) 



Remark 2.10 It is trivial to check that a priori estimate (j2.13p holds with the same constant C 
if ti G 1-0^ {T) is a solution of the equation obtained by replacing the coefficients a*-', 6*, • • • ,;u'^ in 

M hi 



2.4p by a^, ^A' ' ' ' ' /^A' respectively, for every A G [0, 1]. 



10 



Here is the main result of this section. 

Theorem 2.11 Suppose Assumptions 12.11 and 12.71 hold. Then for every f € M^^{T), g E 

L(T, ^^) and uq G U2, equation {2.4^ has a unique solution u G T-L^iT) with u(0) = uq, and 

\\u\\-H^(T) < ce^'^(ll/llH-i(T) + II5||l{t,^2) + ll^ollc/a), (2-16) 

where c = c{5, K) . 

Proof. In view of the a priori estimate in Lemma 12. 8| it suffices to show that there is a solution 
to (|2.4p . First, we show that for any given / G M.~^{T),g G L(T, ^^) and uq G U2, the equation 

du = {Au + f)dt + g'^dZ^, u{0) = uq (2.17) 

has a solution u G T-l^{T). Due to a priori estimate (|2.13|) . Remark l2.10l and standard approximation 
argument, we may assume that f,uo are infinitely differentiable in x with compact supports. Also 
by the same reasoning (also see Theorem 3.10 in [7]), we may assume that g = for all k > N for 
some A^ > 1, and g is of the type 

m 

1=1 
where Tj are bounded stopping times and ipi G C^(M'^). Define 

N 



" l-t 

'it) = E 9' 



{s)dZ^. 



Then it is easy to see that v G 'H^{T). Note that u satisfies ()2.17p if and only if u = u — v satisfies 

du = {Au + Av + f)dt with n(0) = uq. 

Since this equation has a solution in T-L^{T) (see Theorem 5.1 in [7]), we conclude that equation 
(j2.17p has a solution u in ^.^{T). 

Let J C [0, 1] denote the set of A, so that for any f,g, uq, the equation 

du = {Lxu + f)dt + {Alu + g^)dZ^ , u{0) = uq (2.18) 

has a solution u G 'H^{T). Then as proved above, G J. Now assume Aq G J, and note that u is a 
solution of equation (|2.18p if and only if 

du = {LxoU + (Lau - Lx,u + f))dt + iAx,u + {A^u - A^,,n + /))dZ,^ (2.19) 

Note that D : H"^ ^ ^-^ is a bounded operator. Thus for any ue'h}{T),k>l and A G [0, 1], 
we have 

LAnGlH~^(r) and Axuel.{T,f). 

11 



Recall Ao G J ■ Denote vP = uq and for n = 1, 2, • • • we define u""''^ G T-0'{T) as the solution of the 
equation 

dn^+i = (LaoU^+i + fn)dt + (AaoU^+i + gi)dZ'l, u^+\Q) = uq 

where 

fn := Lxu'' - L^.u'^ + f and 5' := A^n" " A'o^" + /• 
By Remark 12. 101 and inequality (j2.15p . we have 

h"+i - n"||^i(^) < c||(La - Lao)K - «"-')IIh-i(t) + c||(Aa - Aao)K " ^"-')IIl(T) 
< c||A- Ao|||^i"-n"-^||]H[l(T)• 
Let eo = c/2. Then for A G (Aq — Sq, X + Eq), \\u"'~^^ — u^\\y^i(^x) ^ ^1-^ ~ Ao|||ti" — i*'^~"'"||hi(t) for 
every n > 1 and so n" converges to some u in TiMT). It follows that u solves equation (j2.19p . This 
proves that (Aq — eO) ^^o + £0) H [0, 1] C J. Consequently we conclude J = [0, 1]. □ 



The following remark plays the key role when we weaken condition (j2.2p later in the next section. 

Remark 2.12 Let t < T be a stopping time. We use 1|o,t1 ^"^ denote the random process t 1— t- 
lroT-](t). For an H^ -valued V'^^^'^^ -measurable process u, write u G ]HI^(t) if 



I'"IIhi{t) --^ 



u\\%,-i_ds 



H 





< 00. 



Similarly define L(r, ^2) o-f^d T-L^{t). Then Theorem \2.11\ holds with the deterministic time T re- 
placed by the stopping time r. Indeed, the existence of solution u G T~1^{t) and the estimate \2. 1 6\) 
are easily obtained by applying Theorem \2.11\ with f = /1[o,t] ^'^^ 9 = ^^Io.t] ^'^ place of f and g, 
respectively. Now let u G T~0'{t) be a solution. According to Theorem \2. 1 1\ we can define v G T-O'iT) 
as the solution of 

dv = {/\v + (Bii - An)l|o,rl)dt + lio^rl^^udZ^, v{<S) = n(0). (2.20) 

Then for t < [0, r), d{u — v) = A{u — v)dt and therefore we conclude that u{t) = v{t) for all t < t, 
a.s.. Thus, equation l[2. 20\) becomes 

(^^ = I X] ^ I X] ^r^^' +Kv\ + 6>^» + CrV + /l[0,rl 1 dt 



+ E (E<'^-' +^'^ + 5'1m ) dZ!^, (2.21) 

fc>l Vi=l / 



where 



The uniqueness result of equation (j2.4p in the space 'H^(r) follows from the uniqueness result of 
equation (IZHT) inn^{T). 
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3 Some extensions 

In this section we give two extensions of Theorem 12. Ill First, we consider the nonhnear equation 

(d r, / d \ '^ \ 

y^ —— ^ a'^u^j +b'u\ + ^ b'u^i + CU + f{u) dt 

+ E (E^''^-^ + ^'^ + 5'(^)) ^^'' (3.1) 

where /(u) = f{uj,u,t,x) and g^{u) = g'^{uj,u,t,x). 
Assumption 3.1 (i) For any u G ]HI^(T), 

/(n)GEI-i(T) and g{u) := {g\u),g\u),- ■ ■) eUTJ^). 

(ii) For every e > 0, there exists a constant Ki = Ki{e) so that for every t G (0, T] and u,v ^ M.^{t), 
||/(n) - /(t;)||^_i(^) + \\g{u) - ^WIIlcm^) ^ ^H^ " ^llHi(t) + ^ill« " ^llL(t)- (3-2) 

Theorem 3.2 Suppose Assumptions 12.11 12.71 and \3.1\ hold. Then for any uq G U2, equation 
(j3.ip with initial data uq G U2 has a unique solution u G T-0'{T), and 



Ikll^i(T) < c(||/(0)||e-i{T) + 115(0) ||l(t/2) + hollc/2) (3-3) 

where /(O) = /(w, 0, i, x),g{Q) = (7(0;, 0, t, x) and c = c((5, K, T) > 0. 

Proof. We will use fixed point theorem to show the existence and uniqueness of the solution 
to (j3.ip . Estimate (j3.3p follows from (j2.13p . condition (j3.2p and the Grownwall's inequality. Let 
^(/jff) ^ 'H^{T) denote the solution of ()2.4p with initial data uq. Then by Theorem 12. 11 ^ 

7^n:=7^(/(u),5(u)) for n G ^H^) 

is well defined and 71 is a map from '^^(r) to 7^^(r). Define n° = 7e(/(0), c/(0)) and u"+^ = 
TZ{f{u"'),g{u"')). Then by Theorem 12.111 and assumption (13. 2p . for any t <T, 

\\TZu — TZvWy^i r^-. < ce\\u — vWy^i f^-. + cKi\\u — v\\j^,^\ 

< ce\\u — v\\'^iu-\ + cKi / ||ti — f ||^i/g\ds 

where the last inequality is from ()2.6p . Taking e = l/(2c) and then letting to > be small enough 
so that cKito < 1/4, we have 

WTZu - 7^^;||?^l(t3) - 2 "^ " """wHto) (3.4) 
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This contraction implies that u^ converges to some u in 'H^{tQ) and u is a solution to (j3.ip on [0, to] 
with initial value uq. The inequality (I3.4p further implies the uniqueness of solution to (j3.ip on 
[0,to] initial value uq. Iterating this procedure at most [T/io] + 1 many time intervals of size no 
larger than to and using estimate (j2.6p . we get the desired results on time interval [0,T]. For more 
details, we refer the reader to the proof of Theorem 6.4 in [7]. □ 

Example 3.3 Let's consider an equation with fractional Laplacian. For simplicity assume g (u) = 
for k> 2. Take f{u) = {-A)'^/^u and g{u) = g^{u) = {-A)l^/^u where a < 2 and [3 < I, then 
obviously for any e > 0, 

\\f{u) - /(v)llH-i(t) + hiu) - fi'(^^)llL{t) < 4u - '(;||e-i+c<(j) + c\\u - ?;||h,9(4) 
< e\\u - vWl^r^^^ + Ki\\u - v\\l(^^■^, 

where for the second inequality we use the following fact: if ^ = K7i + (1 — k)jq and k E [0, 1] 
then \\u\\h^ < -^ll^lliz^^i ll'"ll_fno • Thus the existence and uniqueness of equation \3. 3\) in T-L^{T) is 
guaranteed by Theorem \3.2[ 



For a stopping time r G (0,T] write u G EIj'q^(t) if there exists a sequence of stopping times 
r„ t c« so that u £M.^{t A r„) for each n. 

The following is a weakened version of Assumption 12.11 

Assumption 3.4 There exists an integer Nq > 1 so that 
(i) Cfc < oo for all integer k > Nq; 
(ii) for some 5 > 0, 

(o*^ - alj^)dxd > SIdxd, (3.5) 

where a%^ := i T.T=N,^+M + f^Da^'cy^'. 
Here is our second extension. 

Theorem 3.5 Let Assumption \3.4\ hold and cr^ = for k < Nq. Then for any uq ^ U2, f ^ M.~^(T) 
and process g = (5^,5'^, •■■ ) having entries in L2(T) so that J^^^+i^lllff'^llLfT') ^ ^^' ^^^^^ exists 
unique u G ]HIj'^^(T) such that 

(i) u{t) is right continuous with left limits in L^ a.s., 

(ii) for any (j) G C^{R'^), the equality 



{u{t),(t)) = {uo,(j))+ {{-a'^u^j -b'u, (l)^.) + {b'-u^, + cu + f, ({))) ds 

Jo 

((a^^,., 0) + (/, 0) + (/, 0)) dZ^ (3.6) 



Jo 



holds for all t < T a.s.. 
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Proof. Step 1. First assume that Assumption 12.11 holds, that is, c^ < oo for each k. Let t <T 
be a stopping time. We show that the pathwise solution is unique in M.I^^{t). Let u G M.I^^{t) be 
a path-wise solution, that is, u satisfies the conditions (i) and (ii) in the theorem for t < r. Define 
Tn = T A inf{t : f^ ||n||^i(is > n}. Then u G El^(rn) and r„ t ^ since Jq ||u||^i(is < oo for all t < t, 
a.s. By Remark EI21 

||w||Hi(Tn) < c{T,d,K){\\fy-^^^) + ||fif||L(r„,^2) + h(0)||c/2). 

By letting n — ?• oo we find that u G T-1^{t), and the uniqueness of the pathwise solution under 
Assumption 12.11 follows from Remark 12.121 Note that the existence of pathwise solution under 
Assumption 12.11 in ]HI^(t) also follows from Theorem 12.111 

Step 2. For the general case, note that for each n > 

Ck,n ■= / \z\'^J^k{dz) for fe < No. 

\J {zeR:\z\<n} J 

Consider the Levy processes (Z^, • • • , Z^°, Z^°~^^, • • • ) in place of {Z^, Z"^ ■ ■ ■), where Z!^^{k < Nq) 
is a Levy process obtained from Z^ by removing all the jumps that has absolute size strictly large 
than n. Note that condition (j2.3p is valid with c^ replaced by Cfc^„ since cr*'^ are assumed to be zero 
for k < Nq. 

By Step 1, there is a unique pathwise solution Vn G 'H^{T) with Z„ in place of Z for k = 
1, 2, • • • , Nq. Let Tn be the first time that one of the Levy processes {Z^ , 1 < A; < Nq] has a jump 
of (absolute) size in (n, oo). Define u{t) = Vn{t) for t < Tn AT. Note that for n < m, by Step 1, 
we have Vn{t) = Vm{t) for t < T^. This is because, for t < T^, both f„ and Vm satisfies (j3.6p with 
each term inside the stochastic integral multiplied by 1s<t„ (and with Z^, k < Nq, in place of Z^). 
Thus u is well defined. By letting n — )■ oo, one constructs unique pathwise solution u in Mj^^{T). 
The theorem is proved. 

D 
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